Abstract. Let A be an exact category, that is, an extension-closed full subcategory of an abelian category. First, we give new characterizations of an almost split sequence in A, which yields some necessary and sufficient conditions for A to have an almost split sequence with prescribed end terms. Then, we study when an almost split sequence in A induces an almost split sequence in an exact subcategory C of A. In case A has almost split sequences and C is Ext-finite and Krull-Schmidt, we obtain a necessary and sufficient condition for C to have almost split sequences. Finally, we show some applications of these results.
Introduction
The Auslander-Reiten theory of almost split sequences has been playing a fundamental role in the representation theory of artin algebras with a great impact in other areas such as algebraic geometry and algebraic topology; see [6, 3, 15] . It is a long standing problem to determine which categories have almost split sequences. In the module category over an artin algebra, the existence of almost split sequences is derived from the Auslander-Reiten duality. In a general Hom-finite Krull-Schmidt exact category, Gabriel and Roiter showed that the existence of the Auslander-Reiten duality is necessary for the existence of almost split sequences; see [11] , which is later proved to be sufficient by Lenzing and Zuazua in case the category is in addition Ext-finite; see [21] . On the other hand, it is natural to study when a subcategory of a category having almost split sequences has almost split sequences. A pioneering work in this direction by Auslander and Smalø shows that functorially finite subcategories of a module category have almost split sequences; see [8] . This has been further studied by other authors; see, for example, [17, 18] . Rather recently, Jørgensen considered the analogous problem for Hom-finite KrullSchmidt triangulated categories, and proved that if the ambient category has almost split triangles, then the almost split triangles in a subcategory are linked to those in the ambient category by minimal approximations; see [16] . By passing through the homotopy category, this result is applied to obtain a necessary and sufficient condition for a subcategory of the module category of an artin algebra to have almost split sequences; see [22] .
Contrary to the cases mentioned above, almost split sequences appear naturally in abelian categories which are not Hom-finite; see, for example, [4, (4.1) ] and [9, (2.8) ]. This motivates us to study the two problems mentioned above in the most general setup. First, working with an arbitrary exact category, we shall characterize an almost split sequence in terms of linear forms on the stable endomorphism algebras of its end terms; see (2.2) . This yields necessary and sufficient conditions for an exact category to have an almost split sequence with two prescribed end terms; see (2.3) . Specializing to Hom-finite exact categories, we recover the result mentioned above by Gabriel-Roiter and Lenzing-Zuazua; see (2.6) . Then, we investigate the relation between the almost split sequences in an exact category and those in its exact subcategories. The result says in particular that if the ambient category has almost split sequences, then the almost split sequences in a Hom-finite Krull-Schmidt exact subcategory are precisely the minimal projectively or injectively stable approximations of the almost split sequences in the ambient category; see (3.5) and (3.7) . This is a strengthened analogous version, by means of a very different approach, of Jørgensen's result stated in [15] . Since our categories do not necessarily have projective or injective objects, one can not simply apply Jørgensen's result in our situation as is done in [22] . As an application, given any torsion theory in an exact category having almost split sequences, we show that the torsion subcategory has right almost split sequences and the torsion-free subcategory has left almost split sequences. Finally, we shall apply our results to give a new proof of the existence theorem of almost split sequences in the category of finitely presented representations of an infinite quiver.
Preliminaries
Throughout the paper, R stands for a commutative ring, which is not necessarily artinian unless otherwise explicitly stated. An R-category is a category in which the morphism sets are R-modules and the composition of morphisms is R-bilinear. Let A be an additive R-category, which will be called Hom-finite if its morphism modules are all of finite R-length. An idempotent endomorphism e : X → X is said to split in A if there exist morphisms p : X → Y and q : Y → X such that e = qp and p q = 1I Y . Moreover, a non-zero object X is called strongly indecomposable if End A (X) is local, and Krull-Schmidt if it is a finite direct sum of strongly indecomposable objects. Now, A is called Krull-Schmidt if every non-zero objects is Krull-Schmidt. The following characterization of Krull-Schmidt objects is due to Gabriel and Roiter; see [11, (3.3) ]. Since their approach is functorial, we present here an alternative elementary proof. [1, (27.6) ]. If the idempotents in E split in A, then X = X 1 ⊕ · · · ⊕ X n with End A (X i ) ∼ = e i Ee i , that is, the X i are strongly indecomposable.
Suppose now that X = X 1 ⊕ · · · ⊕ X n , with canonical injections q i : X i → X, canonical projections p i : X → X i , and local rings End A (X i ). Setting e i = q i p i , we get a complete set {e 1 , . . . , e n } of orthogonal primitive idempotents in E such that e i Ee i ∼ = End A (X i ). In particular, E is semiperfect; see [1, (27.6) ]. Then, a classical result says that the complete sets of orthogonal primitive idempotents in E are pairwise conjugate up to permutation; see [14, (III.10.2) ].
Let f be a non-zero idempotent in E. Since E/radE is semi-simple, every nonzero idempotent in E is a sum of orthogonal primitive idempotents. In particular, there exists a complete set {f 1 , . . . , f n } of orthogonal primitive idempotents in E such that f = f 1 + · · · + f r , with 0 < r ≤ n. Then, there exists a permutation σ and an invertible a ∈ E such that
Then f = qp and pq = 1I L . That is, f splits. Next, assume that M is a non-zero direct summand of X with a canonical injection u : M → X and a canonical projection v : X → M . Set f = uv, a nonzero idempotent in E. As seen above, there exists a permutation σ and morphisms
Finally, in order to show the uniqueness of the decomposition of M , we need only to consider the case where The following easy observation is needed for our later investigation.
1.2. Lemma. Let I be an ideal of A, and let X be an object in A.
, and consequently, X is zero or strongly indecomposable in A/I. Now, if X is a finite direct sum of strongly indecomposable objects in A, then it is zero or a finite direct sum of strongly indecomposable objects in A/I. The proof of the lemma is completed.
We conclude this section with a brief recall of some classical terminology which will be needed for our later investigation. A morphism f : X → Y in A is right minimal if any endomorphism g : X → X such that f g = f is an automorphism; and left minimal if any endomorphism h : Y → Y such that hf = f is an automorphism. Let C be a full subcategory of A, and let X be an object in A.
is surjective for any L ∈ C; and a minimal right C-approximation if, in addition, f is right minimal. Dually, a mor-
is surjective for any L ∈ C; and a minimal left C-approximation if, in addition, f is left minimal. Moreover, one says that C is contravariantly finite in A if every object in A has a right C-approximation, covariantly finite in A if every object in A has a left C-approximation, and functorially finite if it is both contravariantly finite and covariantly finite in A; see [7] .
Existence of almost split sequences
For the rest of the paper, let A stand for an exact R-category, that is, an extension-closed full subcategory of an abelian R-category A . Clearly, the idempotents in A split if and only if A is closed under direct summands in A . The objective of this section is to study the existence of almost split sequences in A.
We shall call f a proper monomorphism and g a proper epimorphism in A. Given any morphisms u :
as well as a pullback diagram
Thus, the equivalence classes of short exact sequences 0
under Baer sum, which is an End A (X)-End A (Z)-bimodule under the multiplications illustrated in the above diagrams.
The stable categories of A introduced by Gabriel and Roiter are essential for our investigation; see [11, (9. 2)], and also [21 
is zero for any L ∈ A, or equivalently, u factors through any proper epimorphism w : N → Y in A. It is easy to verify that the injectively trivial morphisms in A form an ideal, denoted as I A ; and the projectively trivial morphisms form an ideal, as denoted as P A . Now, the quotient category A = A/I A is called the injectively stable category of A, while A = A/P A is called the projectively stable category. In the sequel, for a morphism u : X → Y in A, we shall denote by u and u its images in Hom A (X, Y ) and Hom A (X, Y ), respectively. Finally, an object X ∈ A is called Ext-injective if every proper monomorphism f : X → Y is a section; and Ext-projective if every proper epimorphism g : Y → X is a retraction. It is easy to see that X is Ext-injective if and only if 1 I X is injectively trivial, or equivalently, X is zero in A. Dually, X is Ext-projective if and only if 1 I X is projectively trivial, or equivalently, X is zero in A.
Next, we recall from [5] some terminology and facts for the Auslander-Reiten theory. Let f : X → Y be a morphism. One says that f is right almost split if f is not a retraction and every non-retraction morphism g : M → Y factors through f ; and minimal right almost split if f is right minimal and right almost split. In a dual manner, one defines f to be left almost split and minimal left almost split. Note that if f : X → Y is left or right almost split, then X or Y is strongly indecomposable, respectively; see [5] . A short exact sequence
is called almost split if f is minimal left almost split and g is minimal right almost split; see [5] . In this case, both the End A (X)-socle and the End A (Z)-socle of Ext 1 A (Z, X) are simple generated by δ. Moreover, since δ is unique up to isomorphism for X and for Z, we may write X = τ A Z and Z = τ − A X. We shall say that A has right almost split sequences if every indecomposable object is either Ext-projective or the ending term of an almost split sequence, A has left almost split sequences if every indecomposable object is either Ext-injective or the starting term of an almost split sequence, and A has almost split sequences if it has both left and right almost split sequences.
From now on, fix an injective co-generator I for the category ModR of all Rmodules, which will be minimal if R is artinian. Then we have an exact endofunctor D = Hom R (−, I) : ModR → ModR. For U, V ∈ ModR, an R-bilinear form < , >: U × V → I is called non-degenerate provided that, for any non-zero element u ∈ U , there exists some v ∈ V such that <u, v > = 0, and for any non-zero element v ∈ V , there exists some u ∈ U such that <u, v > = 0. Observe that every R-linear form ϕ : Ext
On the other hand, if δ is a non-zero extension in Ext 
Proof. Suppose that ϕ(δ) = 0 and L ∈ A. We shall prove only that ϕ < , > is non-degenerate. Let g : Z → L be a morphism in A which is not projectively trivial. Then A admits a pullback diagram
with non-split rows. Since δ is almost split, there exists a pushout diagram
On the other hand, consider a non-split short exact sequence ζ : 0
The proof of the proposition is completed.
Our first result will be a characterization of an almost split sequence. We need to introduce some terminology. Let 
) is almost vanishing on End A (X). (3) There exists a functorial monomorphism ψ : Ext
Proof. We shall prove only the equivalence of Statements (1) and (2) . Since δ = 0 in each of the statements, we may assume that X is not Ext-injective, that is, X is non-zero in A. By Lemma 1.2(1), rad(End A (X)) = rad(End A (X))/I A (X, X).
Assume first that δ is an almost split sequence. In particular, there exists an R-linear form ϕ : Ext 1 (Z, X) → I such that ϕ(δ) = 0. Fix L ∈ A. By Proposition 2.1, we have a non-degenerate bilinear form
which is clearly natural in L. Since φ X is injective, φ X (δ) = 0. Iff ∈ rad(End A (X)), then f ∈ rad(End A (X)). Since δ is almost split, we have f δ = 0. As a consequence, φ X (δ)(f ) =<f, δ > ϕ = ϕ(f δ) = 0. Thus, φ X (δ) is almost vanishing on End A (X).
Conversely, let φ : Ext 1 A (Z, −) → DHom A (−, X) be a functorial monomorphism such that φ X (δ) is almost vanishing on End A (X). Then, δ = 0. Let u : X → L be a morphism in A which is not a section. For any morphism v : L → X, we have vu ∈ rad(End A (X)), and hence,vū ∈ rad(End A (X)). Thus φ X (δ)(vū) = 0, that is, (DHom A (u, X) • φ X )(δ) = 0. In view of the commutative diagram
That is, u factors through the monomorphism X → Y in δ. As a consequence, δ is an almost split sequence; see [2, (4.4) ]. The proof of the theorem is completed.
If X, Y ∈ A, then DHom A (X, Y ) is an End A (X)-End A (Y )-bimodule with multiplications defined, for f ∈ End
Similarly, DHom A (X, Y ) is an End A (X)-End A (Y )-bimodule. As promised, we have the following existence theorem of an almost split sequence with prescribed end terms.
Theorem. Let A be an exact R-category, and let X, Z be strongly indecomposable objects in A.
The following statements are equivalent.
(1) There exists an almost split sequence 0
A (Z, X) is non-zero and there exists a functorial monomorphism φ : Ext
1 A (Z, −) → DHom A (−, X). (3) The End A (Z)-socle of Ext 1
A (Z, X) is non-zero and there exists a functorial monomorphism ψ : Ext
Proof. We shall prove only the equivalences of Statements (1) and (2) . Assume first that A has an almost split sequence δ : 0 Remark. Let Λ be an artin R-algebra with R being artinian. If M ∈ modΛ is indecomposable and non-projective, then DTrM ∈ modΛ is indecomposable and non-injective with a natural isomorphism DExt (III.4.3) ], and also [19] . As a consequence, we have a natural monomorphism φ L : Ext For the rest of this section, we shall concentrate on the case where R is artinian and I is the minimal injective co-generator for ModR. In this case, there exists a well known duality
where modR denotes the category of finitely generated R-modules. The following easy observation is useful in our study.
Lemma. Let R be artinian, and let < , >: U × V → I be a non-degenerate R-bilinear form, where U, V ∈ ModR. If U or V is of finite R-length, then we have two R-linear isomorphisms
Proof. Since < , > is non-degenerate, we have two R-linear monomorphisms :
Suppose that V has finite R-length R (V ). Then R (DV ) = R (V ). Since ψ is injective, R (U ) ≤ R (V ). On the other hand, since φ is injective, we have
. This yields R (V ) = R (DU ), and hence, R (U ) = R (DV ). As a consequence, φ and ψ are isomorphisms. Similarly, the result holds true if R (U ) is finite. The proof of the lemma is completed.
Lemma. Let A be an exact R-category where R is artinian, which has an almost split sequence
0 / / X / / Y / / Z / / 0. (1) If L ∈ A, then Ext 1 A (Z, L
) is of finite R-length if and only if so is Hom A (L, X); and in this case, Ext
1 A (Z, L) ∼ = DHom A (L, X). (2) If L ∈ A, then Ext 1 A (L, X
) is of finite R-length if and only if so is Hom A (Z, L); and in this case
Proof. We shall prove only Statement (1). For any L ∈ A, by Proposition 2.1, there exists a non-degenerate R-bilinear form
The proof of the lemma is completed. The following result is a local version, but under weaker hypotheses, of the main result stated in [21] .
2.6. Theorem. Let A be an exact R-category where R is artinian, and let X, Z ∈ A be strongly indecomposable with X not Ext-injective and Z not Ext-projective.
is non-zero of finite R-length. In particular, the End X) is an isomorphism. The proof of the theorem is completed.
Remark. As an example, the situations described in Theorem 2.6 occur in the category of locally finite dimensional representations of a strongly locally finite quiver; see (4.1).
We conclude this section with the following easy consequence. 
Minimal approximations
Throughout this section, A stands for an exact R-category, and C for an exact subcategory of A, that is, C is an extension-closed full subcategory of A. The objective of this section is to study when an almost split sequence in A induces an almost split sequence in C. For this purpose, we need to introduce some notation and terminology. Let C and C stand for the full subcategories generated by the objects in C of A and A, respectively. Observe that the injectively stable category C of C is a quotient category of C, while the projectively stable category C is a quotient category of C .
3.1. Definition. Let X ∈ A. A morphism f : M → X in A with M ∈ C is called a right injectively stable C-approximation of X iff is a right C-approximation of X in A ; and a minimal right injectively stable C-approximation if, in addition,f is right minimal in A and M has no non-zero summand which is Ext-injective in A.
In a dual manner we define, for an object in A, the notions of left projectively stable C-approximation and minimal left projectively stable C-approximation. 
Lemma. Let X ∈ A with a right injectively stable
The proof of the lemma is completed.
The following result characterizes the Ext-projective objects and the Ext-injective objects in C which admit an almost split sequence in A. 
that is, 0 → X is a right injectively stable C-approximation of X. The proof of the lemma is completed.
We shall now show that minimal C-approximations of almost split sequences in A are almost split sequences in C. For this purpose, the following preparatory lemma will be useful.
Proof. (1) Let L ∈ C, and consider a pushout diagram
of R-modules, where f * is the map induced from the left multiplication by f . This yields an R-linear isomorphism
which is clearly natural in L. That is, we have a functorial isomorphism
On the other hand, by Theorem 2.2, there exists a functorial monomorphism
Observe that f is not injectively trivial. By Proposition 2.1, there exists a nonzero extension ζ ∈ Ext Since < , > ϕ is non-degenerate,q = f p . This shows that f is a right injectively stable C-approximation of X, which is minimal since M is strongly indecomposable in both A and A; see (1.2).
Next, consider a morphism h : L → Y in A with L ∈ C. Since vh is not a retraction, there exists w : L → N such that vh = sw = vgw. Thus h − gw = ut for some t : L → X. Using what we have just proved, there exists some morphism j : L → M such thatt = f j, and hence h − gw = uf j = grj. This yields that h =ḡ(w + rj). That is, g is a right injectively stable C-approximation of Y . The proof of the proposition is completed.
We are ready to obtain the main result of this section. 
